Style machines

Matthew Brand Aaron Hertzmann
Mitsubishi Electric Research Laboratory NYU Media Research Laboratory

£ Sy L { L

A pirouette and promenade in five synthetic styles drawn from a space that contains ballet, modern dance, and different body
types. The choreography is also synthetic. Streamers show the trajectory of the left hand and foot.

Abstract In this paper we introduce the style machine—a statistical model
that can generate new motion sequences in a broad range of styles,

We approach the problem of stylistic motion synthesis by learn- just by adjusting a small number of stylistic knobs (parameters).
ing motion patterns from a highly varied set of motion capture se- Style machines support synthesis and resynthesis in new styles, as
qguences. Each sequence may have a distinct choreography, pemell as style identification of existing data. They can be driven by
formed in a distinct style. Learning identifies common choreo- many kinds of inputs, including computer vision, scripts, and noise.
graphic elements across sequences, the different styles in whichOur key result is a method for learning a style machine, including
each element is performed, and a small number of stylistic degreesthe number and nature of its stylistic knobs, from data. We use style
of freedom which span the many variations in the dataset. The machines to model highly nonlinear and nontrivial behaviors such
learned model can synthesize novel motion data in any interpolationas ballet and modern dance, working with very long unsegmented
or extrapolation of styles. For example, it can convert novice bal- motion-capture sequences and using the learned model to generate
let motions into the more graceful modern dance of an expert. The new choreography and to improve a novice’s dancing.
model can also be driven by video, by scripts, or even by noise to ~ Style machines make it easy to generate long motion sequences
generate new choreography and synthesize virtual motion-capturecontaining many different actions and transitions. They can of-
in many styles. fer a broad range of stylistic degrees of freedom; in this paper we
show early results manipulating gender, weight distribution, grace,
energy, and formal dance styles. Moreover, style machines can
be learned from relatively modest collections of existing motion-
capture; as such they present a highly generative and flexible alter-
native to motion libraries.

Potential uses includeGeneration: Beginning with a modest
amount of motion capture, an animator can train and use the result-
ing style machine to generate large amounts of motion data with
Keywords: animation, behavior simulation, character behavior. ~ new orderings of actionsCasts of thousands: Random walks in

the machine can produce thousands of unique, plausible motion

choreographies, each of which can be synthesized as motion data
1 Introduction in a unique style.Improvement: Motion capture from unskilled

performers can be resynthesized in the style of an expert athlete or
Itis natural to think of walking, running, strutting, trudging, sashay- dancer. Retargetting: Motion capture data can be resynthesized
ing, etc., as stylistic variations on a basic motor theme. From a di- in @ néw mood, gender, energy level, body type, Atcquisition:
rectorial point of view, the style of a motion often conveys more Style machines can be driven by computer vision, data-gloves, even
meaning than the underlying motion itself. Yet existing animation impoverished sensors such as the computer mouse, and thus offer a
tools provide little or no high-level control over the style of an ani- |0W-COSt, low-expertise alternative to motion-capture.
mation.

CR Categories: 1.3.7 [Computer Graphics]: Three-Dimensional
Graphics and Realism—Animation; 1.2.9 [Artificial Intelligence]:
Robotics—Kinematics and Dynamics; G.3 [Mathematics of Com-
puting]: Probability and Statistics—Time series analysis; E.4
[Data]: Coding and Information Theory—Data compaction and
compression; J.5 [Computer Applications]: Arts and Humanities—
Performing Arts

2 Related work

Much recent effort has addressed the problem of editing and reuse
of existing animation. A common approach is to provide interac-
tive animation tools for motion editing, with the goal of capturing

Permission to make digital or hard copies of part or al of this work or
personal or classroom use is granted without fee provided that copies are not
made or distributed for profit or commercial advantage and that copies bear

this notice and the full citation on the first page. To copy otherwise, to the style of the existing motion, while editing the content. Gle-
republish, to post on servers, or to redistribute to lists, requires prior specific icher [11] provides a low-level interactive motion editing tool that
permission and/or afee. searches for a new motion that meets some new constraints while
SIGGRAPH 2000, New Orleans, LA USA minimizing the distance to the old motion. A related optimization
© ACM 2000 1-58113-208-5/00/07 ...$5.00 method method is also used to adapt a motion to new characters

[12]. Lee et al. [15] provide an interactive multiresolution mo-
tion editor for fast, fine-scale control of the motion. Most editing
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Figure 1: Schematidllustrating the effects of cross-entrop minimization. [A]. Threesimplewalk cycles projectedonto 2-space. Each
datapoint representshe body poseobsened at a giventime. [B]. In corventionallearning,onefits a singlemodelto all the data(ellipses
indicatestate-specifigsoprobabilitycontoursarcsindicateallowabletransitions) But herelearningis overwhelmedoy variationamongthe
sequencesandfails to discover the essentiaktructureof the walk cycle. [c]. Individually estimatednodelsare hopelesslyoverfit to their
individual sequencesandwill not generalizeio new data. In addition,they divide up the cycle differently, andthuscannotbe blendedor

compared.[D]. Cross-entrop minimized modelsare constrainedo have similar qualitative structureandto identify similar phaseof the
cycle. [E]. Thegenericmodelabstractsll theinformationin the style-specifianodels;varioussettingsof the style variablev will recoverall

the specificmodelsplusary interpolationor extrapolationof them.

systemsproduceresultsthat may violate the laws of mechanics;
Popwit andWitkin [16] describea methodfor editingmotionin a

reduced-dimensionalitypacdn orderto edit motionswhile main-

tainingphysicalvalidity. Suchamethodwould bea usefulcomple-
mentto thetechniquepresentedhere.

An alternatve approachis to provide moreglobalanimationcon-
trols. Signal processingsystemssuchasdescribedby Bruderlin
andWilliams [7] andUnumaetal. [20], provide frequeng-domain
controlsfor editingthe style of a motion. Witkin andPopwic [22]
blend betweenexisting motionsto provide a combinationof mo-
tion styles.Roseet al. [18] useradial basisfunctionsto interpolate
betweerandextrapolatearounda setof alignedandlabeledexam-
ple motions(e.qg.,happy/sadandyoung/oldwalk cycles),thenuse
kinematicsolversto smoothlystringtogetherthesemotions. Simi-
lar functionalityfalls out of our framework.

Althoughsuchinteractie systemsprovide fine control,they rely
on thelaborsof skilled animatorgo producecompellingandcon-
vincing results. Furthermorejt is generallydifficult to producea
new motionthatis substantiallydifferentfrom theexistingmotions,
in styleor in content(e.g.,to convert by handa ponderousvalk to
ajauntydanceegtc.)

Theabove signal-processinmethodsalsorequirethattheexam-
ple motionsbetime-warped;in otherwords,thatsequentiatorre-
spondencesanbefoundbetweereachcomponenbf eachmotion.
Unfortunatelyit is rarelythe casethatary setof complex motions
will havethisproperty Stylemachinesutomaticalljcomputeflex-
ible mary-to-mary correspondencdsetweersequenceasingfast
dynamicprogrammingalgorithms.

Ourwork unitestwo themeghathave separateesearclhnistories
in motion analysis:estimationof dynamical(in the senseof time-
evolving) modelsfrom examples andstyle andcontentseparation.
Howe et al. [14] analyzemotion from video using a mixture-of-
Gaussiansnodel. Grzeszczulet al. [13] learn control and phys-
ical systemdrom physical simulation. Several authorshave used
hiddenMarkov Modelsto analyzeandsynthesizemotion. Bregler
[6] andBrand[5] useHMMSs to recoghizeandanalyzemotionfrom
video sequencesBrand[4] analyzesandresynthesizeanimation
of humanspeechfrom exampleaudioandvideo. With regard to
styles, Wilson and Bobick [21] use parametricHMMs, in which
motion recognitionmodelsare learnedfrom userlabeledstyles.
Tenenbaunand Freeman19, 10] separatestyle from contentin
generaldomainsundera bilinear model,therebymodelingfactors
thathaveindividually linearbut cooperatrely multiplicative effects
on the output, e.g., the effects of lighting and posein imagesof
faces.

Thesestyle/contenmodelsdependn large setsof hand-labeled
and hand-alignedsamples(often exponentialin the number of
stylisticdegreesof freedonmpors) plusanexplicit statemenof what
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the stylistic bors are. We now introducemethodsfor extracting
this informationdirectly and automaticallyfrom modestamounts
of data.

3 Learning stylistic state-space models

We seeka model of humanmotion from which we cangenerate
novel choreograph in a variety of styles. Ratherthanattemptto
engineersuchamodel,we will attemptto learnit—to extractfrom
dataa functionthatapproximateshe data-generatingnechanism.

We castthis asan unsupervisedearningproblem,in which the
goalis to acquirea generatie modelthat captureshe datas es-
sentialstructure(tracesof thedata-generatinpechanismanddis-
cardsits accidentalpropertiegparticularsof the specificsample).
Accidentalpropertiedncludenoiseandthebiasof the sample Es-
sentialstructurecan also be divided into two componentsyhich
we will call structureand style. For example,walking, running,
strutting, etc., are all stylistic variationson bipedallocomotion,a
dynamicalsystemwith particularly simple temporalstructure—a
deterministidoop.

It is up to the modelerto make the structure/styledistinction.
State-spacaepresentationsre very useful here: We take the
structue of bipedallocomotionto be a small setof dynamically-
significant qualitatve statesalong with the rules that govern
change®f state.We take styleto bevariationsin themappingfrom
qualitatve statesto quantitatve obsenations. For example,shift-
ing onesweightloadontotheright leg is adynamically-significant
statecommonto all forms of bipedallocomotion,but it will look
quitedifferentin running,trudging,etc.

An appropriatestate-spaceodelfor time-serieglatais the hid-
denMarkov model (HMM). An HMM is a probabilisticfinite-state
machineconsistingof a setof discretestates,state-to-statéran-
sition probabilities,and state-to-signaémissionprobabilities—in
this paper eachstatehasa Gaussiardistribution over asmallspace
of full-body posesandmotions.(SeeSA for aconcisedmm tutorial,
see[17] for adetailedtutorial.) We will addto theHmm a multidi-
mensionaktyle variablewv thatcanbe usedto vary its parameters,
andcall theresulta stylisticHmm (SHMM), or time-seriestyle ma-
chine. (See§B for formal definitions.) The sHmMm definesa space
of HuMS; fixing the parametew yieldsa uniqueHmM.

Here we shav how to separatestructure,style, and accidental
propertiesin a dataseby minimizing entropiesin the sHmMm. The
mainadwantage®f separatingtyle from structureis thatwe wind
up with simpler more generatie modelsfor both, andwe cando
sowith significantlylessdatathanrequiredfor the generallearn-
ing setting.Our framewvork is fully unsupervisedndautomatically
identifiesthe numberandnatureof the stylistic degreesof freedom
(often much fewer than the numberof variationsin the dataset).



The discovereddegreesof freedomlendthemselesto someintu-
itive operationghat are very usefulfor synthesis:style mixtures,
exaggerationsextrapolationsandevenanalogies.

3.1 Generic and style-specific models

We begin with afamily of training samplesBy “family” we mean
thatall the sampleshave somegenericdata-generatingiechanism
in common e.g.,themotorprogramfor dancing.Eachsamplemay
instantiatea differentvariation. The sampleseednot be aligned,
e.g.,theordering timing, andappearancef actionsmayvary from
sampleto sample Our modelinggoalis to extracta singleparame-
terizedmodelwhich coversthegeneridoehaior in theentirefamily
of training samplesandwhich caneasilybe madeto modelanin-
dividual style,combinatiorof styles,or extrapolationof styles just
by choosinganappropriatesettingof the stylevariablew.

Learning involves the simultaneousestimationof a generic
modelanda setof style-specifianodelswith threeobjectives: (1)
eachmodelshouldfit its sample(swell; (2) eachspecificmodel
shouldbe closeto the genericmodel; and (3) the genericmodel
shouldbe as simple as possible,therebymaximizing probability
of correctgeneralizatiorto nev data. Theseconstraintshave an
information-theoreti@xpressionn eqn.1. In the next sectionwe
will explain how thelasttwo constraintsnteractto produceathird
desirableproperty: The style-specifiomodelscanbe expressedhs
smallvariationson the genericmodel,andthe spaceof suchvaria-
tionscanbecapturedwith justafew parameters.

We first describethe useof style machinesas appliedto pure
signaldata. Details specificto working with motion-capturedata
aredescribedn §4.

3.2 Estimation by entropy minimization

In learning we minimize a sum of entropies—whichmeasure
the ambiguityin a probability distribution—andcross-entropies—
which measurehe divergencebetweerdistributions. Theprinciple
of minimumentropy, adwocatedn variousformshby [23, 2, 8], seeks
thesimplestmodelthatexplainsthe data,or, equialently, the most
complex modelwhoseparameteestimatesarefully supportedy
thedata. This maximizesthe informationextractedfrom thetrain-
ing dataandbooststhe oddsof generalizingzorrectlybeyondit.

The learningobjective hasthreecomponentscorrespondindo
the constraintdistedabove:

1. Thecross-entrop betweerthe modeldistribution and statis-
tics extractedfrom thedatameasurethe models misfit of the
data.

2. The cross-entrop betweernthe genericand a specificmodel
measurefconsistencies their analysisof the data.

3. The entrogy of the genericmodel measuresambiguity and
lack of structuren its analysisof the data.

Minimizing #1 makesthemodelfaithful to thedata.Minimizing #2
essentiallymaximizeghe overlapbetweerthe genericandspecific
modelsand congruencdsimilarity of support)betweertheir hid-
denstates This meanghatthemodels‘behave” similarly andtheir
hiddenstateshave similar“meanings. For example,in adatasebf
bipedalmotion sequencesall the style-specificimms shouldcon-
vergeto similar finite-statemachinemodelsof the locomotioncy-
cle, andcorrespondingtatesn eachHmM to referto qualitatively
similar posesand motionsin the locomotioncycle. E.g., the nth
statein eachmodelis tunedto the posesn whichthebody’sweight
shifts ontotheright leg, regardlessof the style of motion (seefig-
ure 1). Minimizing #3 optimizesthe predictvenessof the model
by makingsurethatit givesthe clearesiandmostconcisepicture
of the data,with eachhiddenstateexplaining a clearly delineated
phenomenoim thedata.
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Figure2: Flatteningandalignmentof Gaussiandy minimization
of entroy andcross-entrop respectrely. Gaussiardistributions
arevisualizedasellipsoidiso-probabilitycontours.

Putting this all togethergivesthe following learningobjective
function

-log posterior

1:-loglikelihood -log prior

0" = argmin H(w)+ D(w||@) + H(8)+ D(6°]|8) +. ..
0 ~— —\— —~ ——

dataentroy ~ misfit 3:modelentrofy 2:incongruence

@)
where@ is avectorof modelparametersy is avectorof expected
sufiicient statisticsdescribingthe dataX'; °* parameterizearef-
erencemodel(e.g.,the generic); H(-) is anentropy measureand
D(-) isacrossentropy measure.

Egn. 1 can also be formulated as a Bayesian posterior
P(0|lw) o« P(w|0)P(0) with likelihood function P(X0)
e HW)=D@I0) and a prior P(0) «x e T@-DPO%0)  The
dataentropy term, not mentionedabove, arisesin the normaliza-
tion of the likelihoodfunction; it measuresmbiguityin the data-
descriptve statisticthatarecalculatedsis-a visthe model.

3.3 Effects of the prior

It is worth examiningthe prior becausehis is whatwill give the
final model@* its specialstyle-spanningndgeneratie properties.

The prior term e HO expressesour belief in the parsimory
principle—amodelshouldgive amaximallyconciseandminimally
uncertainexplanationof the structurein its trainingset. Thisis an
optimal biasfor extractingas muchinformationas possiblefrom
the data[3]. We apply this prior to the genericmodel. The prior
hasaninterestingeffect on the shmm’s emissiondistributionsover
poseand velocity: It graduallyremoves dimensionsof variation,
becausdlatteningadistribution is themosteffective way to reduce
its volumeandthereforeits entropy (seefigure2).

The prior term e~ P@*19) keepsstyle modelscloseand con-
gruentto thegenericmodel,sothatcorrespondingniddenstatesn
two modelshave similar behaior. In practicewe assesshis prior
only on the emissiondistributionsof the specificmodels,whereit
hasthe effect of keepingthe variation-dependergmissiondistri-
butionsclusteredightly aroundthe genericemissiondistribution.
Consequentlyt minimizesdistancebetweencorrespondingtates
in the models,not betweerthe entiremodels. We alsoadda term
—T" - D(6*]|6) thatallows us to vary the strengthof the cross-
entropy prior in the courseof optimization.

By constraininggenericandstyle-specifidcGaussianso overlap,
and constrainingboth to be narrav, we causethe distribution of
state-specifid’Gaussianscrossstylesto have a small numberof
degreesof freedom. Intuitively, if two Gaussiansre narrov and
overlap, thenthey mustbe alignedin the directionsof their nar
rownesge.g.,two overlappingdisksin 3-spacenustbeco-planar).
Figure 2 illustrates. The more dimensionsn which the overlap-
ping Gaussiansre flat, the fewer degreesof freedomthey have
relative to eachother Consequentlyas style-specifiomodelsare
drawn towardthegenericmodelduringtraining,all themodelsset-
tle into a parametesubspacéseefigure 3). Within this subspace,
all thevariationbetweerthe style-specifianodelscanbe described
with just a few parametersWe canthenidentify thosedegreesof
freedomby solving for a smoothlow-dimensionalmanifold that
containghe parameterizationsf all the style-specifianodels.Our



Figure3: Schematimf style DOF discovery. LEFT: Without cross-
entrofy constraintsstyle-specifianodels(pentagonsaredravn to
their data(clouds),andtypically spanall dimensionf parameter
spaceRIGHT: Whenalsodrawn to agenericmodel,they settleinto
aparametesubspacé¢indicatedby thedashedlane).

experimentsshovedthatalinearsubspacesuallyprovidesa good
low-dimensionaparameterizationf the datases stylistic degrees
of freedom.The subspacés easilyobtainedfrom a principalcom-
ponentsanalysis(PcA) of a setof vectors,eachrepresentingpne
models parameters.

It is oftenusefulto extendthe prior with additionalfunctionsof
6. For example,adding—T" - H(0) andvaryingT givesdetermin-
istic annealing,an optimizationstratgy that forcesthe systemto
explore the error surfaceat mary scalesasT' | 0 insteadof my-
opically corverging to the nearestocal optimum(see§C for equa-
tions).

3.4 Optimization

In learningwe hopeto simultaneouslpegmentthedatainto motion
primitives, match similar primitives executedin different styles,
and estimatethe structureand parametergor minimally ambigu-
ous,maximallygeneratie models.Entropicestimation2] givesus
a framework for solving this partially discreteoptimizationprob-
lem by embeddingt in a high-dimensionatontinuousspacevia
entropies.It alsogivesus numericalmethodsn the form of max-
imum a posteriori(MAP) entrogy-optimizing parameteestimators.
Theseattemptto find a bestdata-generatinghodel, by gradually
extinguishingexcessmodelparametershatarenot well-supported
by the data.This solvesthe discreteoptimizationproblemby caus-
ing adiffusedistributionoverall possiblesggmentationso collapse
ontoasinglesegmentation.

Optimization proceedsvia Expectation-Maximizatiofem) [1,
17], a fastand powerful fixpoint algorithm that guaranteegon-
vergenceto a local likelihood optimum from ary initialization.
The estimatorswe give in §D modify EM to do cross-entrop op-
timization and annealing. Annealingstrengthengm’s guarantee
to quasi-globaloptimality—globalmapP optimality with probabil-
ity approachind. astheannealingsheduldengthens—anecessary
assurancelueto the numberof combinatorialoptimizationprob-
lemsthatarebeingsolved simultaneouslysegmentationjabeling,
alignmentmodelselectionandparameteestimation.

Thefull algorithmis:

1. Initialize a genericmodel and one style-specificmodel for
eachmotionsequence.

2. EM loopuntil corvergence:

(a) Estep:Computeexpectedsufficientstatisticsw of each
motionsequenceelative to its model.

(b) M step:(generic):Calculatemaximuma posterioripa-
rametevaluesf® with the minimum-entrog prior, us-
ing E-stepstatisticsfrom the entiretrainingset.

(c) M step: (specific): Calculatemaximuma posteriori
parametervaluesé with the minimum-cross-entrgp
prior, only using E-stepstatisticsfrom the currentse-
guence.
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(d) Adjustthetemperaturéseebelow for schedules).

3. Find a subspacehat spansthe parametewariationsbetween
models. E.g., calculatea pcA of the differencesetweerthe
genericandeachstyle-specifianodel.

Initialization canbe randombecausédull annealingwill obliterate
initial conditions.If onecanencodeusefulhintsin theinitial model,
thenthe Em loop shouldusepartialannealingoy startingata lower
temperature.

HMMS have a useful propertythat saves us the trouble of hand-
segmentingand/orlabelling the training data: The actionsin ary
particulartrainingsequencenaybesquashedndstretchedn time,
oddly ordered,and repeated;in the courseof learning, the ba-
sic HMM dynamic programmingalgorithmswill find an optimal
segmentationand labelling of eachsequence.Our cross-entrop
prior simply addsthe constraintthat similarly-labeledframesex-
hibit similar behaior (but not necessarilyappearancedcrossse-
quences.Figure 4 illustrateswith the inducedstatemachineand
labellingof four similar but incongruensequencesndaninduced
statemachinethat capturesall their choreographielementsand
transitions.

4 Working with Motion Capture

As in ary machine-learningpplication,onecanmake the problem
harderor easiedependingn how the datais representetb theal-
gorithm. Learningalgorithmslook for the moststatisticallysalient
patternof variationthe data.For motioncapturethesemaynotbe
the patternghathumansfind perceptuallyandexpressivelysalient.
Thuswe wantto preprocesshe datato highlight sourcesof varia-
tion that“tell the story” of a dance suchasleg-motionsandcom-
pensatorybody motions,and suppressrrelevant sourcef varia-
tion, suchasinconsistentmarker placementandworld coordinates
betweersequence@vhichwould otherwisebe modeledasstylistic
variations).Othersourcef variation,suchasinter-sequenceari-
ationsin body shapesneedto be scaleddown sothatthey do not
dominatestylespace We now describemethodsor convertingraw
marker datainto a suitablerepresentatiofor learningmotion.

4.1 Data Gathering and Preprocessing

We first gatheredhumanmotion capturedatafrom a variety of
sources(seeacknavledgementsn §8). The dataconsistsof the
3D positionsof physicalmarkersplacedon humanactors,acquired
overshortintenalsin motioncapturestudios.Eachdatasourcepro-
vided datawith a differentarrangemenof markersover the body.
We defineda reduced20 marker arrangementsuchthatall of the
markersin the input sequencesould be convertedby combining
anddeletingextra marlkers. (Note thatthe missingmarkerscanbe
recoveredfrom synthesizedlatalater by remappinghe style ma-
chinesto the original input marker data.) We alsodoubledthe size
of thedatasetby mirroring, andresampleall sequencet 60Hz.

Capturedand syntheticmotion capturedatain the figuresand
animationshav themotionsof markersconnectedby afake skele-
ton. The “bones” of this skeletonhave no algorithmicvalue; they
areaddedfor illustrationpurpose®nly to make the markerseasier
to follow.

The next stepis to corvert marker datainto joint anglesplus
limb lengths,global positionand global orientation. The cocg/x
(nearthebaseof the back)is usedastheroot of thekinematictree.
Jointanglesaloneareusedfor training. Jointanglesareby nature
periodic(for example,rangingfrom 0 to 27); becauseéraining as-
sumesthat the input signallies in the infinite domainof R™, we
took somepain to choosea joint angle parameterizationvithout



discontinuitiegsuchasa jump from 2 to 0) in thetrainingdata®
However, we were not ableto fully eliminateall discontinuities.
(Thisis partially dueto somepenersitiesin the input datasuchas
invertedkneebends.)

Corversionto joint anglesremoresinformationaboutwhich ar
ticulationscausegreatesthangesn body pose.To restorethis in-
formation,we scalgoint anglevariablego make statisticallysalient
thosearticulationghatmostvary thepose measuredh thedataset
by a proceduresimilar to that describedby Gleicher[11]. To re-
ducethe dependencen individual body shape the meanposeis
subtractedrom eachsequenceFinally, noiseand dimensionality
arereducedvia pca; we typically useten or fewer significantdi-
mension®f datavariationfor training.

4.2 Training

Modelsareinitialized with a statetransitionmatrix P;_,; thathas
probabilitiesdeclining exponentially off the diagonal; the Gaus-
siansare initialized randomlyor centeredon every nth frame of
the sequenceTheseinitial conditionssave the learningalgorithm
the gratuitoustrouble of selectingfrom amonga factorialnumber
of permutationallyequivalentmodels differingonly in theordering
of their states.

Wetrainwith annealingsettingthetemperaturd” highandmak-
ing it decayexponentiallytowardzero. Thisforcestheestimatordo
exploretheerrorsurfaceatmary scaledbeforecommittingto apar
ticular region of parametespace.In the high-temperatur@hase,
we setthe cross-entroptemperaturd” to zero,to forcethevaria-
tion modelsto staynearthe genericmodel. At high temperatures,
ary accidentacommitmentsnadein the initialization are largely
obliterated As thegenerictemperatureleclineswe briefly heatup
the cross-entrop temperatureallowing the style-specificmodels
to ventureoff to find datapointsot well explainedby the generic
model. We thendrive bothtemperatureto zeroandlet the estima-
torscorvergeto anentrofy minimum.

Thesetemperatureschedulesre hints that guide the optimiza-
tion: (1) Find global structure;(2) offload local variationto the
specificmodels;(3) thensimplify (compressall modelsasmuch
aspossible.

The result of training is a collection of modelsand for each
model, a distribution ~ over its hidden states,where; ;(y) =
p(states explainsframet, givenall theinformationin thesequence
y). Typically this distribution haszeroor nearzeroentrogy, mean-
ing that v hascollapsedto a single statesequencehat explains
the data. v (or the sequenc®f mostprobablestatesencodeghe
contentof thedata;aswe shav below, applyingeitheroneto a dif-
ferentstyle-specifianodelcauseghat contentto be resynthesized
in adifferentstyle.

We use~ to remapeachmodels emissiondistributionsto joint
anglesandangularvelocities,scaledaccordingthe importanceof
eachjoint. This informationis neededor synthesis.Remapping
meansre-estimatingemissionparameterso obsene a time-series
thatis synchronousvith thetrainingdata.

4.3 Making New Styles

We encodea style-specificiMm in a vectorby concatentatingts
statemeangu,, square-rootovariancegK;; /+/|Ki;|, for: < j),
andstatedwell times(on average how long a modelstaysin one
statebeforetransitioningout). New stylescanbe createdby inter-
polation and extrapolationwithin this space. The dimensionality
of the spaces reducedby pPca, treatingeachHmmM asa single ob-
senation andthe genericimm asthe origin. The pca givesus a

1For cyclic domainsonewould ideally usevon Mises' distribution, es-
sentially a Gaussiarwrappedarounda circle, but we cannotbecauseno
analyticvarianceestimatoris known.
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subspac®f modelswhoseaxes are intrinsic degreesof variation
acrosghe stylesin thetraining set. Typically, only a few stylistic
DOFs areneededo spanthe mary variationsin a training set,and
thesebecomethe dimensionof the style variablev. Oneinterpo-
latesbetweenary stylesin the training setby varying v between
the coordinatef their modelsin the style subspacethenrecon-
stituting a style-specificimm from the resultingparameterector
Of coursejt is moreinterestingo extrapolate by goingoutsidethe
convex hull of thetrainingstyles,athemethatis exploredbelow in
§5.

4.4 Analyzing New Data

To obtainthe style coordinateof a novel motion sequencey, we
begin with a copy of thegenericmodel(or of astyle-specifianodel
which assigngy high likelihood),thenretrainthatmodelon y, us-
ing cross-entrop constraintswith respectto the original generic
model. Projectionof the resultingparametersnto the style mani-
fold givesthe style coordinates We alsoobtainthe samples state
occupang matrix 4. As mentionedbefore, this summarizeghe
contentof the motion sequencey andis the key to synthesisde-
scribedbelow.

4.5 Synthesizing Virtual Motion Data

Given a new value of the style variablev and a statesequence
S(y) € ~4(y) encodingthe contentof y, one may resynthesizey
in the new style ¢’ by calculatingthe maximum-likelihood path
arg maxy p(y’|v, S(y)). Brand[4] describes methodfor calcu-
lating the maximume-likelihood samplein O(T') time for T time-
steps. §F generalizesaandimproves on this result, so that all the
informationin - is used.

Thisresultingpathis aninherentlysmoothcurve thatvarieseven
if the systemdwellsin the samehiddenstatefor several frames,
becausef the velocity constraintson eachframe. Motion discon-
tinuitiesin thesynthesizedamplesarepossiblef thedifferencen
velocitiesbetweensuccessie statesis large relative to the frame
(sampling)rate. The preprocessingtepsarethenreversedto pro-
ducevirtual motion-capturelataasthefinal output.

Someactionstake longerin differentstyles; aswe move from
style to style, this is accommodatetly scalingdwell timesof the
statesequencéo matchthoseof thenew style. Thisis oneof mary
waysof makingtime flexible; anotheiis to incorporatedwell times
directly into the emissiondistributionsandthensynthesize list of
varying-sizedime-stepdy which to clock the synthsizednotion-
captureframes.

In addition to resynthesizingexisting motion-capturein new
styles, it is possibleto generateentirely new motion datadirectly
from themodelitself. Learningautomaticallyextractsmotionprim-
itivesandmotioncyclesfrom thedata(seefigure4), whichtake the
form of statesub-sequence®y cuttingandpastingthesestatese-
quenceswe cansequencaewn choreograpi If a models state
machinehasan arc betweenstatesn two consecutiely scheduled
motionprimitives,themodelwill automaticallynodify theendand
beginning of the two primitivesto transitionsmoothly Otherwise,
we mustfind a path throughthe statemachinebetweenthe two
primitivesandinsertall thestatesonthatpath.An interestingeffect
canalsobeachiezed by doingarandomwalk on the statemachine,
which generatesandombut plausiblechoreograpp

5 Examples

We collecteda setof bipedal locomotion time-series from a va-
riety of sources. Thesemotion-capturesequence$eaturea vari-
ety of differentkinds of motion, body types,posturesandmarker
placementsWe corvertedall motion datato usea commonsetof
markerson a prototypicalbody: (If we do notnormalizethe body;
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Figure5: Completionof the analogywalking:running::strutting: Xvia synthesisof stylistic motion. Stick figuresshav every 5 frames;
streamershaw thetrajectoriesf theextremities.X extrapolatedoththeenegeticarmswingof struttingandthe power strideof running.
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Figure6: Five motionsequencesynthesizedrom thesamechoreograpi butin differentstyles(oneperrow). Theactionsalignedvertically,
aretiptoeing,turning,kicking, andspinning.The odd body geometryreflectsmarker placementin thetrainingmotion-capture.
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thealgorithmtypically identifiesvariationsin bodygeometryasthe
principalstylistic DOFs.)

As ahintto thealgorithm,wefirst trainedanHmm onavery low-
dimensionatepresentationf the data.Entropicestimatioryielded
amodelwhich wasessentiallya phase-diagramf the locomotive
cycle. Thiswasusedasaninitialization for thefull sHmm training.
ThesHmm waslightly annealedsoit wasnotconstrainedo usethis
hint, but the final genericmodeldid retainsomeof theinformation
in theinitialization.

The pca of the resulting style-specificmodelsrevealedthat 3
stylisticdegreesof freedomexplained93%of thevariationbetween
the 10 models. The most significantstylistic DoF appeargo be
global pose,e.g., onettilts forward for running, back for funny-
walking. It alsocontainsinformationaboutthe speedof motion.
Style bor #2 controlsbalanceandgender;varying it modifiesthe
hips,thedistanceof thefootfall to the midline, andthe compensat-
ing swing of the arms. Finally, style bor #3 canbe characterized
asthe amountof swaggerandenegy in the motion; increasingt
yields sequencethatlook moreandmore high-spirited. Extrapo-
lating beyondthe hull of specificmodelsyields well-behaed mo-
tion with the expectedproperties.E.g., we candoublethe amount
of swagger or tilt a walk forward into a slouch. We demonstrate
with analogies.

Analogies are a particularly interesting form of extrapola-
tion. Giventhe analogicialproblemwalking:running::strutting:X,
we can solve for X in terms of the style coordinates
X=strutting+(running-walking) which is equivalent to com-
pleting the parallelogram having the style coordinates for

walking, running, and strutting as three of its corners.
run. .?
walk ¢ *strut

The resulting synthesizedsequencgfigure 5) looks like a fast-
adwancingform of skanking(aratherhigh-enegy popdancestyle).
Similarly, theanalogywalking:running::cat-walking: X givessome-
thingthatlookslik e how amodelmightskip/rundown a catwalk in
afashionshaw.

Now we turn to examplesthat cannotbe handledby existing
time-warpingandsignalprocessingnethods.

In a more complicatedexample, the systemwas trained on
four performances by classically trained dancers (man,woman-
ballet, woman-modern-dancayoman-lazy-balletjof 50-70 sec-
ondsdurationeach,with roughly 20 differentmoves. The per
formancesall have similar choreographiebut vary in the timing,
ordering,and style of moves. A 75-statemodeltook roughly 20
minutesto train on 6000+rames usinginterpretedMatlabcodeon
asingleCPU of a400MHz AlphaSerer. Parameteextinction left
a69-statesHMMm with roughly3500parametersrigure4 shavsthat
the systemhasdiscoreredroughly equivalentqualitative structure
in all the dances.Thefigure alsoshows a flowchartof the “chore-
ograply” discoveredin learning.

Wethentooka1600-framesequencef anavice dancemattempt-
ing similar choreograpyy but with little successgetting moves
wrongandwrongly ordered]osingthebeat,andoccasionallystum-
bling. Weresynthesizethisin amasculine-moderstyle,obtaining
notableimprovementsn thegraceandrecognizabilityof thedance.
Thisis shavn in theaccompaning video.

We thengenerated new choreography by doingarandomwalk
on the statemachine. We usedthe resulting state sequenceo
synthesizenewv motion-capturen a variety of styles: 3 ballet
languid; modern+malegetc. Theseare shavn in the video. Fig-
ure6 illustrateshow differenttheresultsareby shawving posesrom
alignedtime-slicedn thedifferentsynthesizegherformances.

Finally, we demonstratedriving style machines from video.
The essenc®f our techniqueis the generatiorof stylistically var-

189

ied motioncapturefrom HMM statesequencefor distributionsover
states).In the examplesabore, we obtainedstatesequencefrom
existingmotioncaptureor randomwalksontheHmm statemachine.
In fact, suchstatesequencesanbe calculatedrom arbitrary sig-
nals: We canuseBrand’s shadev puppetrytechnique[5] to infer
statesequenceand/or3p bodyposeandvelocityfrom videoimage
sequenceslhis meanghatonecancreateanimationgy actingout
amotionin front of acamerathenusestylemachinegso mapsome-
oneelses (e.g. anexpert’s) style onto one’s choreograpi In the
accompaying video we shaw somevision-driven motion-capture
andstylistic variationsthereon.

6 Discussion

Ourunsuperviseframeavork automatesnary of thedreariestasks
in motion-capturesditing and analysis: The dataneednt be sgy-
mentedannotatedor aligned,nor mustit containary explicit state-
mentof the themeor the stylistic degreesof freedom(pors). All
thesethingsarediscoveredin learning.In addition,the algorithms
automaticallyseggmentthe data, identify primitive motion cycles,
learntransitionsbetweerprimitives,andidentify the stylistic DoFs
thatmake primitiveslook quitedifferentin differentmotion-capture
sequences.

This approachreatsanimationasa puredata-modelingndin-
ferenceask: Thereis no prior kinematicor dynamicmodel;norep-
resentatiorof bonesmassesyr gravity; no prior annotatioror sey-
mentationof the motion-capturelatainto primitivesor styles. Ev-
erythingneededor generatinganimationis learneddirectly from
thedata.

However, the userisn't forcedto stay “data-pure. We expect
that our methodscan be easily coupledwith other constraints;
the quadraticsynthesisobjective function and/orits linear gradi-
ent(eqn.21) canbe usedaspenaltytermsin larger optimizations
that incorporateuserspecifiedconstraintson kinematics,dynam-
ics, foot placementetc. Thatwe have notdonesoin this paperand
videoshouldmale clearthe potentialof raw inference.

Our methodgeneralizeseasonablyvell off of its smalltraining
set, but like all data-drven approachesit will fail (gracefully)if
given problemsthat look like nothingin the training set. We are
currentlyexploringavarietyof stratgiesfor incrementallyearning
new motionsasmoredatacomesn.

An importantopenquestionis the choiceof temperaturesched-
ules,in whichwe seeatrade-of betweerlearningtime andquality
of the model. The resultscanbe sensitve to the time-course®f
T and T’ andwe have no theoreticalresultsabouthow to choose
optimalschedules.

Although we have concentrate@®n motion-capturdime-series,
the style machineframevork is quite generalandcould be applied
to avarietyof datatypesandunderlyingmodels.For example,one
could model a variety of textureswith mixture models,learnthe
stylistic DoFs, thensynthesizextrapolatedextures.

7 Summary

Stylemachinesregeneratie probabilisticmodelsthatcansynthe-
sizedatain abroadvarietyof styles,interpolatingandextrapolating
stylistic variationslearnedfrom atrainingset. We have introduced
across-entropoptimizationframevork thatmalesit possibldearn
stylemachinedrom a sparsesamplingof unlabeledstyleexamples.
We thenshaved how to apply style machineso full-body motion-
capturedata,anddemonstratethreekinds of applications:resyn-
thesizingexisting motion-capturén new styles;synthesizinghew

choreographieandstylizedmotiondatatherefrom;andsynthesiz-
ing stylizedmotionfrom video. Finally, we shavedstylemachines
doingsomethinghatevery dancestudenthaswishedfor: Superim-



posingthe motorskills of anexpertdanceron the choreograpi of
anovice.
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Figure7: Graphicalmodelsof anHMM (top), sSHMM (middle),and
path map (bottom). The obsered signal x: is explainedby a
discrete-mluedhiddenstatevariables ;) which changesvertime,
andin the caseof sHMMS, a vectorvaluedstylevariablev. Both v
ands ;) arehiddenandmustbeinferredprobabilistically Arcsin-
dicateconditionaldependencieBetweerthe variables which take
theform of parameterizedompatibilityfunctions.In this papemwe
give rulesfor learning(inferring all the parameterassociatedavith
thearcs),analysig(inferringv ands,,), andsynthesiof novel but
consistenbehaiors (inferringamostlikely y, for arbitrarysettings
of v ands(y).

A Hidden Markov models

An HMM is a probability distribution over time-series. Its de-
pendeng structureis diagrammedn figure 7. It is specifiedby
6 = {S, P;, P;;,pi(x)} where

e S ={s1,..., sn}isthesetof discretestates;

e stochastianatrix P;_,; givesthe probability of transitioning
from statej to states;

e stochastiwectorP; is theprobabilityof asequencéeaginning
in statei;

e emission probability p;(x) is the probability of observ-
ing « while in state:, typically a Gaussianp;(x) =

Nas iy i) = o (@ 5 w0 oy
with meany,; andcovariancek;.
We coverHmm essentialdiere;see[17] for amoredetailedtutorial.

It is useful to think of a (continuous-alued) time-series X
as a path through configurationspace. An HMM is a state-space



model, meaningthat it divides this configurationspaceinto re-

gions,eachof which is moreor less“owned” by a particularhid-

denstate,accordingto its emissionprobability distribution. The
likelihoodof apathX = {1, 22,...,xr} with respectio par

ticular sequenceof hiddenstatesS = {s(), s(2),.--,5(1)} IS

the probability of eachpoint on the pathwith respecto the cur-

rent hidden state(]_[tT:1 Ps(,, (T¢)), times the probability of the
statesequencdself, whichis the productof all its statetransitions
(s I, Py, =s(s))- Whenthisis summecbver all possible
hiddenstatesequencesyneobtainsthe lik elihoodof the pathwith

respecto theentireHMM:

T

p(X|0) = Z Ps(l)ps(l) (1) H PS(t—l)*S(t)pS(t) ()
SesT t=2
&)

A maximum-likelihoodHMM may be estimatedrom data X via
alternatingstepsof Expectation—computingdistribution overthe
hiddenstates—ananaximization—computingpcally optimal pa-
rametewalueswith respecto thatdistribution. The E-stepcontains
adynamicprogrammingecursionfor eqn.2 thatsavesthetrouble
of summingoverthe exponentiahumberof statesequenceim S”:

p(X10) = ar, 3)

Qi = pi(ﬂtt) Z at—l,ij—n'; a1, = P; Pi(ﬂtl) (4)
J

« is calledtheforwardvariable;a similar recursiorgivesthe back-
wardvariables:

Bii =Y Bir1pi(®es1)Pisjs  Bri =1 (®)
J
In the E-stepthe variablesa, 3 areusedto calculatethe expected
sufficient statisticsw = {C, v} thatform the basisof new param-
eterestimates.Thesestatisticstally the expectedhumberof times
theHmMm transitionedrom onestateto another

T
Cjsi = Zatfl,jpjaipi(wt)ﬂt,i /P(X10), (6)
t=2
andthe probability thatthe HMM wasin hiddenstates; whenob-
servingdatapointe;

Vi =

at,iﬁt,i/zat,iﬁt,i . (7)

Thesestatisticsare optimal with respectto all the informationin
theentiresequencandin themodel,dueto theforwardandback-
wardrecursionsin the M-step,onecalculatesnaximumlik elihood
parameteestimatesvhich arearesimply normalizationf w:

oS o
SR DL / D ©
K, Z’yt’i(mt — ) (@ — lAllz)T /Z Ye,i (10)

After training, eqns.9 and 10 canbe usedto remapthe modelto
ary synchronizedime-series.

In §D we replacethesewith more powerful entrogy-optimizing
estimates.

P =
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B Stylistic hidden Markov models

A stylistic hidden Markov model (sHMm) is an HMM whose pa-
rametersarefunctionally dependenbn a style variablev (seefig-
ure 7). For simplicity of exposition, herewe will only develop
the casewherethe emissiorprobabilityfunctionsp; () areGaus-
sianswhosemeansand covariancesarevariedby v. In thatcase
the simm is specifiedby 8 = {S, P;, Pj_;, p;, K, U, Wi, v}
where

e meanvector p;, covariancematrix K;, variation matrices
U,;, W, and style vector v parameterizethe multivariate
Gaussiamprobabilityp; (x:) of observingadatapointe; while
in statei:

p(xe|s;) = N(xe; b, + Usv, K; + Wiv).

wherethestylizedcovariancematrix K; + W ;v is keptpos-
itive definiteby mappingits eigervaluesto their absoluteval-
ues(if necesary).

Theparameter§ P;, P;_:, u;, K} areobtainedrom datavia en-
tropic estimation; {U;, W} are the dominanteigervectorsob-
tainedin the post-trainingpca of the style-specifianodels;and v
can be estimatedfrom dataand/orvaried by the user If we fix
the value of v, thenthe modelbecomesa standarddiscrete-state,
Gaussian-outputmm. We call thew = 0 casethegenericHmMm.

A simpler versionof this model hasbeentreatedbeforein a
supervisedcontext by [21]; in their work, only the meansvary,
andone mustspecify by handthe structureof the models transi-
tion function P;_,;, the numberof dimensionf stylistic variation
dim(v), andthevalueof v for every trainingsequenceOur frame-
work learnsall of this automaticallywithout supervisionandgen-
eralizego awide variety of graphicaimodels.

C Entropies and cross-entr opies

Thefirst two termsof our objective function(eqn.1) areessentially
thelikelihoodfunction, which measureshefit of the modelto the
data:

H(w) + D(w0) = —£(X|0) = —log P(X|0)  (11)

Theremainingtermsmeasurghefit of the modelto our beliefs.
Their preciseforms are derived from the lik elihoodfunction. For

multinomialswith parameter® = {61, ---, 04},
HO) = —Y.6;logb;, (12)
D(6%)|6) = >, 07log(67/6:). (13)

For d-dimensionalGaussiansf meanu, andcovarianceK,
H(0) =< [dlog2me + log|K]|], (14)

D(6°6) =

N = N

[log |K| —log |K*| + 37, (K )i (K®*) ")
Hp—pt) K (p—pt) —d]. (15)

The sHmM likelihood function is composedf multinomialsand
Gaussiandy multiplication (for ary particularsettingof the hid-
denstates).Whenworking with suchcompositedistributions,we
optimize the sum of the componentsentropieswhich givesus a
measuref modelcodinglength,andtypically boundsthe (usually
uncalculablegntrofy of thecompositemodel.As entrofy declines
theboundsbecomeight.
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Figure8: Tor: Expectatiormaximizatiorfindsalocal optimumby

repeatedlyconstructinga convex boundthattouchesthe objectve
function at the currentparameteestimate(E-step;blue), thencal-
culatingoptimal parametesettingsin the bound(M-step;red). In

this figure the objective functionis shavn asenegy = -log poste-
rior probability;theoptimumis thelowestpointonthecune. BOT-

ToM: Annealingaddsa probabilisticguarante®f finding a global
optimum, by defininga smoothblendbetweenmodel-fitting—the
hardoptimizationproblemsymbolizedby theforemostcurve—and
maximizingentroy—aneasyproblemrepresentetly thehindmost
curve—thentrackingthe optimumacrosgheblend.

D Estimator s

The optimal Gaussianparametersettingsfor minimizing cross-
entrogy vis-a-vis datapointse; anda referenceGaussiarparame-
terizedby meanu® andcovarianceK® are

i @it 2t

= S (16)
P (mrﬂ)(wwﬂ)T+Z’((ﬂ*u')(ﬂfu')T+f<°()l 7

N+Z+7Z'

The optimal multinomial parametesettingsvis-a-vis event counts
w andreferencemultinomial distribution parameterizety proba-
bilities k* aregivenby thefixpoint

—(wjsi + Z'K] ;)
ZeXZ—-1

Pj i = exp [W ( > +N/Z— 1:| , (18)

i + 2 Rj
=+ Z (“”—””) + Zlog Py + z)(;tg)

_7—>1

whereW is definedW (z)e" ®) = z [9]. ThefactorsZ, Z' vary
the strengthof the entropy and cross-entrop priors in anneal-
ing. Derivationswill appearin a technicalreportavailable from
http://www.merl.com.

Theseestimatorscomprisethe maximizationstepillustratedin
figure8.
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E Path maps

A pathmapis a statisticaimodelthatsupportpredictionsaboutthe
time-seriedehaior of atarget systemfrom obsenationsof a cue
system.A pathmapis essentialljtwo HMMs thatsharea backbone
of hiddenstatesvhosetransitionfunctionis derivedfrom thetarget
system(seefigure 7). TheoutputHmm is characterizedy perstate
Gaussiaremissiordistributionsover bothtargetconfigurationsand
velocities.Givena paththroughcueconfiguratiorspacepnecalcu-
latesa distribution v over the hiddenstatesasin §A, egn.7. From
this distribution onecalculatesan optimal paththroughtargetcon-
figurationspaceusingtheequationsn §F.

F Synthesis

Herewe repriseandimprove on Brands [4] solutionfor likeliest
motion sequencaiven a matrix of stateoccupang probabilities
~. As the entrogy of «v declinesthe distribution over all possible
motionsequencebecomes

1 Y .73 Z Z i,y zK yt 1+C 20
i pe(Yly) =e (20)

wherethevectorg, , = [y, —p;, (y,—y,_1)—f1;] " is thetarget
position and velocity at time ¢ minus the meanof state:, and
c is a constant. The meansy,; and covariancesK; are from
the synthesizingmodels set of Gaussianemissionprobabilities

Psoy Ui ¥) = N(Woye — Yo als [, 5 s )] Ky ) Break-
ing eachnversecwariancdntofoursubmatrlcesKj‘l = gfj LB)J', }
J777
we canobtainthe maximumlik elihoodtrajectoryY ™ (mostlikely
motion sequenceby solving the weightedsystemof linear equa-

tions
Yt—1
Yt
Yt+1

= Ye—1,; 5 — v Fi, (21)

-
T-1 —Yt-1,4(Bj + D;)
Vi Vi | Yie1,5(A;+B; —|—C’ +D;)+y.:D;
_’Ytﬂ( 7,)

whereE; = [C; Dj][uj i3], Fj = [A; Bjl s f5]" + E; and
theendpointsaareobtainedby droppingthe appropriatdéermsfrom
equatior21:

-
D
Vi Vi { ¢, D, } [ Z(l) } =k (22)

T
o~ -Bj - Dj Yyr—1 | _ . )
Vi vir |: A;+ B;+C; + D; ] [ YT =vrF; (23)

This generalize®rand’s geodesid4] to useall theinformationin
theoccupang matrix «, ratherthanjust a statesequence.

Theleast-squaresolutionof this LY = R systemcanbe cal-
culatedin O(T') time becauseL is block-tridiagonal.

We introducea furtherimprovementin synthesisif wesetY to
thetrainingdatain eqn.21,thenwe cansolvefor thesetof Gaussian
meansM = {u,, i, . . .} thatminimizesthe weightedsquared-
errorin reconstructinghatdatafrom its statesequenceTo do so,
we factorther.h.s.of eqn.2linto LY = R = GM whereG is
anindicatormatrix built from thesequencef mostprobablestates.
Thesolutionfor M via thecalculationM = LY G~ tendsto be
of enormouglimensionandill-conditioned,sowe preconditionto
malke the problemwell-behaed: M = (QTY)(Q"Q)~", where
Q = LG . Onecaution:Thereis atensionbetweerperfectlyfit-
ting thetrainingdataandgeneralizingvell to new problemsunless
we have avery large amountof data,the minimum-entroy setting
of themeanswill do betterthantheminimumsquareckrrorsetting.



